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MULTIPLE SOLUTIONS FOR QUASI-LINEAR PDES
INVOLVING THE CRITICAL SOBOLEV
AND HARDY EXPONENTS

N. GHOUSSOUB AND C. YUAN

ABSTRACT. We use variational methods to study the existence and multiplicity
of solutions for the following quasi-linear partial differential equation:

—2
{—Apu = )\|u\T*2u + u ‘u‘qs
ulan =0,

o] ¢ in €,

where A\ and p are two positive parameters and €2 is a smooth bounded domain
in R™ containing 0 in its interior. The variational approach requires that
1<p<m,p<qg<p*(s) = j=2pand p <r < p* =p*(0) = &, which we
assume throughout. However, the situations differ widely with ¢ and r, and
the interesting cases occur either at the critical Sobolev exponent (r = p*) or
in the Hardy-critical setting (s = p = ¢) or in the more general Hardy-Sobolev
setting when q = Z:S p. In these cases some compactness can be restored by
establishing Palais-Smale type conditions around appropriately chosen dual
sets. Many of the results are new even in the case p = 2, especially those
corresponding to singularities (i.e., when 0 < s < p).

1. INTRODUCTION

Consider the following quasi-linear partial differential equation:

|u?—2

[a]®

—Apu = Nu|"2u+p
ulog =0,

u in £,
(PA,M)

where A and p are two positive parameters and €2 is a smooth bounded domain in
R” containing 0 in its interior. We shall assume throughout that 0 < s < p < n.

The starting point of the variational approach to these problems is the following
Sobolev-Hardy inequality, which is essentially due to Caffarelli, Kohn and Nirenberg
[8]. Assume that 1 < p < n and that ¢ < p*(s) = z:;p; then there is a constant
C > 0 such that

|U'|q 2 1,p
C( —)e dz < [ |VulP dz for all u € Hy"(Q).
Nl Q

We use fi5,4(€2) to denote the best Sobolev-Hardy constant, i.e. the largest con-

stant C satisfying the above inequality for all u € Hé’p(Q); that is,
Jo IVulP dx

s q(2) = inf P Py R
q wEHYP(Q),uz0 (fQ ‘lxis)qu
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5704 N. GHOUSSOUB AND C. YUAN

In the important case where ¢ = p*(s), we shall simply denote fig - (s) as .
Note that po is nothing but the best constant in the Sobolev inequality while p,, is
the best constant in the Hardy inequality, i.e.,

. Jo, IVul? da
pp(82) = 1mf QT
w€Hy P (Q)u#0  [o) G de

We shall always assume that p < r < p* = p*(0) = % for the non-singular
term in such a way that the functional

1 A 4
Eyu(u) = —/ |Vu|Pde — —/ lu|"dx — o[l dx
P Ja rJo q Jq |zf®

is then well defined on the Sobolev space Hy”(Q). The (weak) solutions of the
problem (P ) are then the critical points of the functional E ,.

Another relevant parameter will be the first “eigenvalue” of the p-Laplacian — A,
defined as

A1(Q) = pop(Q) = inf{/ |[VwlPdx : w € Hé’p(Q),/ |wPdz = 1}.
Q Q

Here are the main results of this paper.

Theorem 1.1 (Hardy-Sobolev subcritical singular and non-singular terms). Sup-
pose 1 < p < q < p*(s) and r < p*. Assume one of the following conditions
holds:

(1) (High order singular term)p <q, p <71, A>0 and p > 0.
(2) (Low order singular term)p=q, p <r, A> 0 and psp > p > 0.

Then (P ) has infinitely many solutions. Moreover, (Py,,) has an everywhere
positive solution with least energy and another one that is sign-changing.

Theorem 1.2 (Hardy-critical singular term). Suppose 1 < p = ¢ = p*(s) (i.e.,
s=p).
1. (Subcritical non-singular term) If v < p*, then (Px,) has infinitely many
solutions —at least one of them being positive— for any A > 0 and 0 < p < 1.
2. (Critical non-singular term) If r = p* and Q is star-shaped. Then (Py,,) has
no non-trivial solution for any A > 0, u > 0.

Theorem 1.3 (Hardy-Sobolev critical singular term). Suppose 1 < p < g = p*(s)
(i.e., s <p).
1. (High order non-singular term) Assume p <r < p* and A >0, p > 0.

o Ifn > % (in particular if n > p?), then (Px,,) has a positive
solution.
o Ifn > % (in particular if n > p> — p* + p), then (P ,) has
also a sign-changing solution.
2. (Low order non-singular term) Assume p=1r <p* and 0 < A < Ay, pu>0.
o Ifn > p?, then (Py,) has a positive solution.
e Ifn>p®—p?+p, then (Pr,) has also a sign-changing solution.
3. (Sobolev-critical non-singular term) Assume r = p* and ) is star-shaped, then
(Px,.) has no non-trivial solution for any A > 0 and any p > 0.

Theorem 1.4 (Sobolev-critical non-singular term and subcritical singular term).
*

Suppose 1 < p < g < p*(s) and r = p*.
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1. (High order singular term) Assume that p < q and A > 0, p > 0.
— — 2 . . .
o Ifn > % (in particular if n > p* — (p—1)s), then (Py,,,) has
a positive solution.

o Ifn > Ee VU Gy porticular if n > p(p—1)(p—s)+p), then (P..)

1+(p—1)(g—p)

has also a sign-changing solution.

2. (Low order non-singular term) Assume p=gq and A > 0, pisp > p > 0.
o Ifn>p?—(p—1)s, then (Py,) has a positive solution.

o Ifn>p(lp—1)(p—s)+1), then (Px,,) has also a sign-changing solution.

The following tables summarize our results.

TABLE 1. Sobolev-subcritical non-singular term

Singular term Parameters Non-singular term Dimension # of solutions

(HS-subcritical) Infinite
p<qg<p*(s) A>0; u>0 1<p<r<p” n>p One positive
p=q<p(s) Psp>p >0 A>0 1<p<r<p” n>p One positive
(H-critical)

p=q=p-(s) A>05 pp >pu>0 1<p<r<p” n>p Infinite

(One positive)

(HS-critical)
p<qg=p(s)

A>0; pn>0

AM>A>0 >0

1<p<r<p*
2<p<r<p*
1<p=r<p"
2<p=r<p*

p(p—1)r+p?

p+§p71g(1'*z))

n> P p—1)r+p
1+(p—13(r—p)
n>p

n >

One positive
Two

One positive
Two

TABLE 2. Sobolev-critical non-singular term

Singular term Parameters Non-singular term Dimension # of solutions
1<p=qg<p*(s) | psp>pu>0 r=p* n>p>—(p—1)s One positive
2<p=gq<p*(s) and A > 0 n>p((p—1)(p—3s)+1) Two

) (a—s)+n2
1<p<qg<p(s) | A>0;, u>0 r=p* n>% One positive
(p—1)(g—s)+}
2<p<a<p(s) — — n> SN Two
p<q=p (s) A>0,u>0 r=p"° n>p None

2. A POHOZAEV-TYPE IDENTITY

In this section, we start by identifying the constraints on the problem of existence
of solutions for (Py,,). Here is the main result.

Theorem 2.1. If Q is a star-shaped domain in R™, then problem (P

x) has no

)

solution in the doubly critical case: That is, for r = p* and q = p*(s) = "="p, the

problem (Py,,,) has no non-trivial solution.

Assume Q) is a star-shaped domain.

p

Then, if we let v denote the outwards

normal to 99, then (z, v) > 0 on 9f2. We assume we have the necessary regularity
in the following operations; otherwise, we can use an approximation argument as
in Guedda and Veron [20)].

Multiplying the equation (P,,,) by (x, Vu) on both sides and integrate by parts,

we get
/

_1 _
p_/ |Vu|P(x, v)de + u/ |VulPde = p
D Jaa b Ja

|ul?

|z[*

n—s

dx—f—)\ﬁ/ |u|"dx.
rJa
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On the other hand, multiplying the equation by u and integrating, we get

q
/|Vu|pzu/ [ul dx—f—)\/ |u|"d.
Q o lzl® Q

Putting the two identities together, we have
-1 _ _ q _
e R R e Y L
P Jog q p ol r o p Ja

Soif r = n”—_’; =p*and q= Z:;p, the problem has no non-trivial solution.

3. THE EXTREMAL FUNCTIONS IN THE HARDY-SOBOLEV INEQUALITIES

In this section, we summarize the needed results concerning the Hardy-Sobolev
inequalities. We first recall the Hardy inequality.

Lemma 3.1 ([13]). Assume that 1 <p <n and u € H"P(R"). Then:
(1) &% € LP(R"™).

|]

(2) (Hardy Inequality) [g.. P iz < C,, Jrn

|[?

(3) The constant C,,;, is optimal.

VulPdz, where Cy, = (725)P.

The following extension of the Hardy and Sobolev inequalities is essentially due
to Caffarelli, Kohn and Nirenberg|[g].

Lemma 3.2 (Sobolev-Hardy Inequality). Assume that 1 < p < n and that p <
g < p*(s):= Z:;p, Then:

(1) There exists a constant C' > 0 such that for any u € H{ (),
|ul?

Yot
(2) The map u — = from HE(Q) into L9(Q) is compact provided q < p*(s).

VP de < C( / VulP)? da.
Q

Proof. (1) For s =0 or s = p, this is just the Sobolev (resp., the Hardy) inequality.
Since p*(s) > p, we have 0 < s < p. We can therefore only consider the case where
0 < s < p . By the Hardy, Sobolev and Hélder inequalities, we have

Jul” lul* ()
— = 5 - lul
n |zl r~ |2
ul? = (p* (s)—5) =2 | B
(/ )7 (P e=)"
R” |l‘|p R»
_ |u|p 2 p*y ==
= (L IEDR
< o e[ e
R’IL R’IL
= 01(/ [Vul?)»=s.

IA

O
Remark 3.1. If Q is the whole space, one can show that the conditions p < ¢ =
p*(s) :== Z:;p are also necessary for the above inequality to hold. Indeed, a stan-

dard scaling argument shows that ¢ must be equal to p*(s). On the other hand,
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if we insert into the inequality the following function (p and # € S™~! being the
polar coordinates),

0 for |z| > 1,
u(@) = S [2| 7 log iy for e < |z| <1,
e log ! for || <e,
and
0, | >1,
du(z) 2
d - Oa |$| S 57
g (1-2)p 7 logd —p 7, e<l|z[<1,
we get

1
1
|~ [ G nos sy
By L’Hospital’s rule, we have
1 _ n n
. Jor A+ G -Dlogg)rdp 3 -1
T+p 1 ’
e—0 log™ ™" = 1+p

€

|u|q ! —s 1 pon n— !
/ e~ [ o logt —pTE T =
R” |$| 5 P 5

Thus from the inequality

and also

™ | =

1
log? p ~ log!™?

DI

we get that ¢ > p.
The following is an extension of what is well known in the case p = 2 and s = 0.

Theorem 3.1. Suppose 1 <p <mn, 0 < s <p and g = p*(s). Then the following
hold:

(1) wus(9) is independent of Q (and will henceforth be denoted by ps).
(2) ws is attained when Q = R™ by the functions

ala) = (@ (0 = ) (-2 1) 555 0+ o] ) 2
for some a > 0. Moreover the functions y, are the only positive radial solu-
tions of
p*(s)—1
—div(|Vu|P V) = S
|[*

in R™. Hence,

[Yal? | 2 / [y .o
P— V p: P— P S.
s /R L =Vl = [ M=

Proof. We prove (2). We show the best constants are attained at functions

us(z) = (Ao + |z|7=1) " =5 (0 <s < p), where Ao > 0 is a constant.

For any f, let f* be its Schwarz symmetrization (or rearrangement) [21]. Then we

have ‘lq .
[owrrs [ wrpana [ RS AL
R" R |Z] Rn ||
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assuming the above integrals are well defined (refer to Lieb [21], [22]). By these
inequalities, we may restrict our discussion to radial symmetric functions. Thus we
may consider the following variational problem:

Maximize I(g):/ lg(r)|%r™~*~'dr, when J(g):/ lg'(r)[Pr~tdr = C.
0 0

where C' is a given constant. The FEuler-Lagrange equation is
(%) (r" = () [P () + R 7T = 0.
It can be easily verified that the functions

u(@) = (25 (0<s<p)

are solutions of (x), where A > 0. To continue, we need the following lemma of
Bliss ([1I, [2]).
Lemma 3.3. Let h(z) > 0 be a measurable, real-valued function defined on R
such that the integral Jo = [;° h?(z)dx is finite and given. Set g(x) = [ h(t)dt.
Then Iy = [;° g% (x)a* " dx attains its mazimum value at the functions h(z) =
Az + 1)~ "%

o, with py and qo two constants satisfying qo > po > 1, a = Z—‘; -1,
and A > 0, a real number.

By this lemma and with the change of variables z = r»-1 we can deduce that
I(-) attains its maximum at the functions
ug(@) = A+ |2 7=1) 7%= (0< s <p).

Note that if

h(z) = (A + 1)~
then
T 1
o) :/ h(t)dt = (A + 2 ) 3
0
And if ¢ = $=2p, then o = % —-1= g:‘;. The theorem is thus proved. O

Remark 3.2. As expected, the compactness of the embedding u — —= in Lemma
3.2.(2) above does not hold when g = p*(s). Indeed, let

p—n

1, np 1 p=s
= (= )rl—s) (— p—1)p—s
filw) = (2)7579 (3 + a7 5=,

and set ||V fi(z)||h = A and [, %dm =C. Let

1, n=p_ 1 p—n
hi(z) = fr(x) = ()PP (7 +1)»==

k k
for |z| < 1, so that hy(z) € HyP(B) and ||hk||Hé,p(Q) — Av. Hence {hi} is bounded
in H)?(€2) and ”\90\775” o) — CYP7 ) Now, hy(z) — 0 for |z| # 0 and 0 is
the only possible cluster point of {lxlf}ig()} in LP"(*)(Q), which is impossible since

C #0.
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4. THE COMPACTNESS LEMMAS

This section deals with the compactness properties of the functional

1 A 7
E,\W(u):}—7/Q|Vu|pclaz:—;/Q|u|"claz:—§/Q IZ:de.

We recall the following standard definition.

Definition 4.1. A C'-functional E on Banach space X satisfies the Palais-Smale
condition at the level ¢ (in short (PS).), if every sequence (uy, ), satisfying lim,, E'(u.,)
= c and lim,, |E’'(uy)|| = 0 has a convergent subsequence.

Define the following function:

Y e S
BT s <,
L(p,s) =1 +o0 ifs=pand p < pp,

0 ifs=pand p> pp.

Theorem 4.1. Assume 0 <s<p<mn, p<qg<p*(s) andp <r < p*.
(1) If p < q<p*(s) and r < p*, then for any A > 0 and any p > 0, the functional
E\ . satisfies (PS). for all c.
(2) If p < q=p*(s) and r < p*, then for any A > 0 and any p > 0, the functional
E) . satisfies (PS)c for all ¢ < L(u, s).
(3) Ifp < g < p*(s) and r = p*, then for any A > 0 and any p > 0, the functional

E\,,. satisfies (PS)¢ for all ¢ < L(\,0) = %(A"Ep)%

Note that statement 2 above yields that Ej ,, also satisfies (PS). for all ¢ when
p=q = q*(s) (i.e., when s = p) as long as p < p,. This solves a problem in [I3]
and [25], where only a certain singular Palais-Smale condition is established. On
the other hand, when =1, p = 2 and s = 0, we recover the (by now well known)
restricted compactness properties that appears in Yamabe-type problems, [4].

We first recall a few known results.

Lemma 4.1 (|25]). Let x,y € R™, and let (-, ). be the standard scalar product in

R"™. Then
Cplz — yl|P, i > 2,
(JalP2z — lylP~2y, x—y>ez{ e vl i

2 )
Comatim= #f 1<p<2

The following result of Brezis and Lieb ([4]) will be useful in the sequel.

Lemma 4.2. Suppose f, — f a.e. and || fu]lp, < C < oo for all n and for some
0<p<oo. Then

Jim {[| foll = [1f = FIBY = 15

Lemma 4.3. Let (uy), be a bounded sequence in HyP(Q) and let (qn)n be a se-
quence such that p < ¢, < p*(s), ¢gn — p*(s) as n — oo. Then there exists a
subsequence (without loss of generality still denoted by (uy,),) such that:

(1) wp — u weakly in HyP(Q).

(2) un = win L7(Q) if 1 <r <p* = £

(3) un — u almost everywhere.

(4) “= — % weakly in LP(Q).

x
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|u an— |u|p “(s)—
x|5n
(6) If p>2, then
/|un qn S/ |U qn_'_/ |un_
Q Q Q
w, — u|P () w,, [P () wlP” ()
Py T,

Proof. These are standard applications of the Hardy-Sobolev embedding theorem
and the Brezis-Lieb result. We just give the proofs of (5) and (6). Without loss of
generality, we may assume that ¢, < p*(s). For (5), it is clear that

(5) For any f € Hy"(),

u|?™ 4 o(1).

(7)

|t |72, Ju|P” () =24
and that the integral
o |z*" @) O O ORY
< Jun [P " (9) st / % o
o leb Ifcls

7@ e [P 9)(Q) for any f € HyP(Q), the

conclusion follows.
In order to prove (6), we need the following easy lemma.

Calculus Lemma. For every 1 < g < 3, there exists a constant C (depending on
q) such that for o, § € R we have

Clal[gl*=t if || > |81,
Clal?HB| if || < [B].

For q > 3, there exists a constant C (depending on q) such that for a, 5 € R we
have

o+ 817 = [l = 1|7 — gaB(la|"2 + 18]772) | < C(la]*™?8% + o?[5]"~2).

From this inequality, we can actually deduce the following more convenient result
for any ¢ > 1:

oo+ 817 = fal* = 1] = qaB(lo] "™ + 15]77?) |< 2C(|a*™ 6 + a|8]7).

Now, back to the proof of (6). Let w,, = u,, —u; then w, — 0 weakly in Hé’p(Q).
By the above calculus lemma,

[+ 817 — |a]? = |B|? — gap(|a|" + |6]72) | < {

e O L8 e O
= C C .
R R R T
In view of (5), we only need to show that
lim [ [l = lim [1nfu] 2 . [l =0.

A
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For that, we check that
p* (s n=2
/( |||~ ) e | | FFOT [T (#) 1
- ) PF)-1 = . .
Q |x|8(17p%(s)) Q |mlsﬁ |£C|Sp;17(7#;_21 |x|SpP*(l(§s))_—q1n
< | [P (S))p*(j>,1( |ul? (‘;) =2 / pp( 2t
o lzI° 0 les |x|s
Hence it is uniformly bounded in n, and the claim follows. O
an
Lemma 4.4. Let B, (u) = 5 [, [VulPde — 2 [, ﬁ‘h =2 [, lul"dz (A >0, p >

0), where g, satisfy the condztzons in the premous lemma and 1 < p < r < p*.
Assume the sequence {un} satisfies Ep(u,) — ¢, El (un) — 0. Then, there exists a

subsequence, still denoted by {un}, such that for some u € Hé’p(Q):

(1) w, — u weakly in u € HyP(Q).

(2) Vu, — Vu a.e.

(3) Jo Vun = Vul? = [, [Vua|? — [, |VulP + 0(1)

(4) |Vt P2V, — |Vu[P~2Vu weakly in [L7T (Q)]".

Proof. Since
lim E,,(uy,) = ¢ and lim E), (u,,) = 0,

(B (un), un>:/ |Vun|p—u/ —A/ G
Q Q |$| Q

o()(1 + [[unll) + ple| = pEn(un) — (7, (un), tn)

and

we have

U
p1= 2 fo e 400 = 2) [ fupids, >,
_ n { e r o
(1- E fQ E |S r=p.
Since 2 is bounded, we have
P n
/ [P = [unf” |z |Ps/ 9 dar < M ( |n] yplan
Q o |z[pe/an o |z

and

b p o[ |un|™ .
”vun”p = pEn(un) + p— € - |un|"dz.
o |zl T Ja

an

We conclude that {u,} is a bounded sequence in H,”(Q).

We therefore can assume that {u,} satisfies all of the conclusions in Lemma
4.3. Now we use a technique initiated by Boccardo and Murat and already used by

Garcia and Peral in a related context.
Define the functions
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We may assume also that 73, (u, —u) — 0 weakly in H,?(Q) for any fixed positive
k, since 7 (u, —u) — 0 a.e. and it is bounded. Then from the assumption we get

o(l) = (B (un) — (EX)'(u), 7(un —u)) +o(1)
/Q<|Vun|p72Vun — [VulP~2Vu, Vg (un — u))e

u qn—2 up*(s)_Q
_)\/(l Ta;|‘3 Uy, — | BE w) T (Up — ).
Q
Since
N
|z[s " ||®

in the weak star topology of H~1*'(€) (by Lemma 4.3), we have

|an—2 |u|P” (5)2
L —

w) Tk (un, — u)| < Ck,
0~ 0)

and

1imsup/ (IVun [P2Vu, — |VulP~2Vu, Vg (u, — u))edr < Ck.
Q

n—oo

Let e,,(z) = (|[Vu,|P~2Vu, — |VulP2Vu, V7i(un,—u))e; then e,(z) > 0 by Lemma
3.1, and is uniformly bounded in L(€2). Take 0 < § < 1 and split © into

S,’j:{:cém lun —u| < Kk}, Gﬁ:{xem |t —u| > k}.

/efldx = /efldx—f—/ e da
Q Sk Gk

< </ endx>9|5£|1*9+</ endz)|GE 10,
Sk Gk

n n

Then

Now, for fixed k, |G| — 0 as n — oo, and from the uniform boundedness in L' we
get

limsup/ el dr < (Ck)?|Q 1.
Q

n

Letting & — 0, we get that e/ — 0 strongly in L!. By Lemma 4.1,
Vu,, — Vu in L9

for 1 < g < p. By passing to a subsequence, we have
Vu, — Vu a.e.

Thus (1) holds. As for (2), just apply Lemma 4.2. The proof of this lemma is thus
complete. O

Proof of Theorem 4.1.(1): If p < g < p*(s) and r < p*, it is standard to show that
the compactness of the Hardy-Sobolev embedding and of the Sobolev embedding
imply that for any A > 0 and any g > 0, the functional E, ,, satisfies (PS), for all
c. O
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Proof of Theorem 4.1.(2): Recall that

_ n—s
L (B )i ifs <,
L(,s) = p(n—s) pnr
’ 400 ifs=pand pu < ps,
0 ifs=pand p > us,

and assume that p < ¢ = p*(s) and r < p*. We need to show that

E /|Vu|pd fu” ——/ |u|"dx
<> o I g

satisfies the Palais-Smale condition at any energy level less than L(u, s).
For that, assume {u,} is a sequence in Hy™” (1) satisfying
Exu(un) = ¢ < L(p,s) and E3 ,(u,) — 0.

By Lemma 4.4, we may assume that {u,} satisfies the conclusions of both Lemma
4.2 and Lemma 4.3. For any v € C§°(Q),

/ _ p—2 r—2 |un|p*(s)—2un
(E)\,H(un), v) = Q(<|Vun| Vg, Vu) — Mun|" ™ “upv — p——————v)dz,

which converges as n — oo to

Ju|P” (5) =24

0= / (|VuP~2Vu, Vo) — Au|"2uv — p v)dx = <E§\M(u), v).
Q

jz]°
Hence u € Hy?(Q) is a weak solution of (Py, ). Choosing v = u, we have

jup"

0= (B}, (u), u) = /Q (V= Aal” =

and thus

11 i 1 1 ulP” ()
Brnw) =G =) [+ - ) [ e >

p |[*
By Lemmas 4.3 and 4.4, we have
Exu(un) = Exp(u) + Eou(un — u) + o(1)

and
o(1) = (B} ,(un), un —u) = (B} ,(un) = E} ,(u), un —u)

“(s)
= YV, — VulP — p————) + o(1).
Jx =) o)
If s =p=p*(s) and p < pp, then

o) = [ (¥, = vl = 2220y o1y < (0= L) [ (9 = Tl + o)
Q |z|P Hp~ Ja
that is, u,, — u strongly.
If s <p (ie., p < p*(s)), we have, for large n,
Eou(un —u) = Expu(un) = Expu(u) +o(1)
Ey u(un) +0(1) <c < Ly, s).

IN

Thus, for such n,

11 p—s = 1.oay
- Vu, — Vul|lP <c< ——ud~* Pes
G-l P e LIt (1)
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By the Sobolev-Hardy inequality, we finally get

|2y, — ulP" (%)

FE )dx

o) = [ (Vu =V~

Y

_p"(s) *(s)
/ |[Vup, — VulP — pps  ° (/ [Vu, — Vu|”)p »
Q Q

p*(s)—p

_p ()
- (/QIVun—VUI”)[l—uus z </Q|Vun—Vu|p> 2=2)

> C/ |Vu, — Vul? dz.
Q

So again u, — u in Hé’p(Q) strongly. O

Proof of Theorem 4.1.(3): Suppose now that p < ¢ < p*(s) and r = p*; then we
have compactness in the singular term but we will be dealing with a non-singular
term involving the critical Sobolev exponent. We have again

E()(’Ltn — ’LL) = EA,y(Un) - Ek,u(u) + 0(1)

< Eju(un) +0o(l) <e < L(A0) =

Thus, for such n,

1 = n—
IV~ VullP < e < Zpf ()7,

1 1
* A

G 7

so that this time we get, from the Sobolev inequality,
o(1) = (B} ,(un), tn —u) = (B} ,(un) — E} (1), un —u)
= / (IVun — VulP — )\/ tn — ul?") + o(1)
Q Q
= (/ |[Vu, — VulP)[1 — AMO_T(/ |V, — Vu|p)§_1] +o(1)
Q Q
>C [ [Vun =Vl ds
Q
So again u, — u in Hé’p(Q) strongly. O

5. MIN-MAX PRINCIPLES AND DUAL SETS ASSOCIATED TO FE) ,

For Banach spaces X and Y, we use C(X,Y’) to denote the space of all continuous
maps from X to Y.

Definition 5.1. Let X be a Banach space and B be a closed subset of X. We say
that a class F of compact subsets of X is a homotopy-stable family with boundary
B provided that

(1) every set in F contains B, and
(2) for any set A in F and any n € C([0,1] x X; X) satisfying n(t,z) = « for all
(t,x) in ({0} x X)U (]0,1] x B) we have that n({1} x A) € F.
We say that the class F is Zs-homotopy stable if all sets in F are symmetric and
if we only require stability under odd homotopies n (i.e., n(t,—x) = —n(t, z)).
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We say that a closed set M is dual to the family F if
MNB=0and MNA#{forall AecF.
We shall need the following weakened version of the Palais-Smale condition.

Definition 5.2. A C'-functional E on Banach space X satisfies the Palais-Smale
condition at level ¢ and around the set M (in short, (PS)as.c), if every sequence
(un ) satisfying lim,, E(u,) = ¢, lim,, ||E'(uy)| = 0 and lim,, dist(u,,, M) = 0 has a
convergent subsequence.

The following theorem of Ghoussoub [I7] will be frequently used in the sequel.

Theorem 5.1. Let E be a C'-functional on X and consider a homotopy stable
family F of compact subsets of X with a closed boundary B. Let M be a dual set
to F such that

inf F(z) =c:=c(E,F)= inf max E(x).

zeM AcF z€A
If E satisfies (PS),c, then M N K. # 0, where K. is the set of all critical points
of E at level c.

If F is only Zs-homotopy stable, then the result still holds true as long as the
functional E is even and the dual set M is symmetric.

Note that the above theorem includes the classical min-max principle which holds
under the assumption that sup,cp E(x) < c. It is enough to notice that in that
case M = {z € X; E(x) > ¢} is a dual set.

Consider again the functional

1 A 1
Ey,(u)=— [ |VulPde — = [ |u|"dx — o[l dx
e
D Ja rJa

qJolzl*
Recall that we assume that 1 <p <n,0<s<p, 0<q<p*(s) = Z:;p and that
p<r<pt= n”—_’;), so that F is a C'-functional on the Sobolev space Hé’p(Q).

A first dual set: Define the Mountain Pass class to be
Fi = {7 € C([0,1); Hy"(2)); 7(0) =0, 7(1) # 0 and E(y(1)) < 0},
which is clearly homotopy-stable with boundary B = {E < 0}. Let
My = {ue Hy?(Q);u # 0, (E'(u),u) = 0}.

The following Nehari-type duality property is by now standard.

Theorem 5.2. Assume p < q < p*(s) and one of the following cases:

D) p=r,p<qgand 0 <A< Ay, p>0.
2)p<r<p*",p=qand0< p < pisp, A>0.
B)p<r<p",p<qgandpu>0,A>0.

The set My is then closed, is dual to F1 and satisfies

inf By, = ¢1 1= ¢(Ex u, F1)
M
Proof. By definition,

(B} (), ) = /Q (IVul? = Aul" —

|ul?

|x|s)dx.
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Note that BN M; = 0, since for every v € M; we have
1 1 |u|9

1 1
Buuw) =2 =) [ Jalde (- o)
" p g p g Jolzf
under the assumption that either r or ¢ is different from p. We also show that
under this assumption, we have the estimate ¢; < inf,enr, Ex p(u).

Let u # 0 in M7, and consider the straight path ~(¢) = tu. We have

q
Bl =2 [ ur =20 [ =S [ 12
E

dx > 0,

Since lim; .o Ex ,(tu) = —o0, we have that c¢; < supg<;o Exu(tu) = Ex(tou).
From
dE)\ lL tu — P~ 1/ |vu|p AT 1/ |’U,| tq71 |’U,|:
REd
and dE*’di‘;(t")(to) =0, we get

q
[rvur =t [ g [ [ul?
Q Q a |zl

Since u € M7, we should have

q
[rwute = [ [ 10
Q Q a ||

Thus, ty must be equal to 1 as long as either r or ¢ is distinct from p. This clearly
shows that under any of the 3 conditions above, we have

< inf E .

1= ulean (1)

For the rest, we have to distinguish the 3 cases.
Case (1). 2<p=r,p<qgand 0 < XA < ;.

To prove that Mj is closed, use the Sobolev-Hardy inequality and the definition
of A1 to find a constant ¢ > 0 such that

A
' _ _ A P _ q
(Bul w) = (= ol = il
A
_ P AN
- HuHHém(Q)(l )\1 CHU" Hl P(Q))
Choose some (3 > 0 such that if [|ul] < £, then 1 — = — ¢[|ul|? Hlp @ > 0. This

means that we can find some constant g > 0 such that for any u € M7, we have
lu|| = 8. So Mj is closed.

To prove the intersection property, fix v € F; joining 0 to v, where v # 0 and
E u(v) <0. Note that since A < A1, we have (EY ,(v(t)),(t)) > 0 for ¢ close to 0
(same proof as for the closedness of M;). On the other hand, since v # 0, we have

<E;\’M(U),’U> < pE}\,u(U) <0.

It follows from the intermediate value theorem that there exists to such that (o) €
M. This proves the duality, and consequently ¢; > inf{E}) ,(u) : uw € M}.

Case (2). 1<p<r<p*,p=qg<p*(s)and 0 < p < psq.



MULTIPLE SOLUTIONS FOR QUASI-LINEAR PDES 5717

To prove that Mj is closed, use the Sobolev-Hardy inequality with its best con-
stant s, and the Sobolev inequality to get

ul?
Bt = [ 19ar -3 [ o H

> [ vy e [ [vup)i =L [ gup
Hs,q
= (=l =l
_ [
- Hu|‘HéyP(Q)(1_ o _CHUHHl P(Q))
Choose some 8 > 0 such that if |Jul| < 3, then 1 — £~ — c||u||H1p(Q) > 0. This

means that we can find some constant g > 0 such that for any u € M7, we have
lu|| > 8. So M; is closed.

To prove the intersection property, fix v € F7 joining 0 to v, where v # 0 and
E u(v) <0. Note that since 1 < fi5,4, we have (B}  (v(t)),7(t)) > 0 for ¢ close to
0 (same proof as for the closedness of M;). On the other hand, since v # 0, we have
(EY ,(v),v) < pExu(v) < 0. It follows from the intermediate value theorem that
there exists to such that ~y(t9) € M;. This proves the duality, and consequently
c1 > inf{E) ,(u): uwe M}
Case (3). 2<p<r<p*and A>0.

To prove that M; is closed, again use the Sobolev-Hardy inequality and the
Sobolev embedding to find constants ¢ > 0, ¢”” > 0 such that

(Byu(u), w) > Jlull” = Aull” = " flull?
= JullP(@ = Al P = " ul|*7P).
Since both r and ¢ are distinct from p, we may choose v > 0 such that for any
u e HYN(Q) with |lu|| < 7, we have 1 — exA||lul|"™? — ¢al|ul|7? > 0. This means
that ||u|| > v for any u € My; hence M is closed.

For the intersection property, consider any v € F; joining 0 and v. Since p < 7,
again the proof above of the closedness of M, yields that (Ex ,(v(¢)),v(t)) > 0 for
t close to 0. Also since v # 0, we have

(EAu(v),v) <pExu(v) #0.

Then again, by the intermediate value theorem, we conclude that there exists ¢g
such that y(tp) € M;. This proves the duality and the inequality

c1 > inf{Ey ,(u), v e M}
O
Another dual set: Denote by S, the sphere S, = {u € Hy?(Q); HuHHé,p(Q) =p}
and by H the set
H={h:Hy?(Q) — Hy”(Q) an odd homeomorphism}.

Let 7z, denote the Krasnoselskii genus, defined for every closed symmetric subset
D of Hy?(Q) as

vz, (D) = inf{n; there exists an odd and continuous map h: D — R"™\ {0}},
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and consider the class
Fa = {A4; A closed symmetric with vz,(h(A)NS,) > 2, Vh € H}.
It is easy to verify that Fs is a Zs-homotopy stable class. Let

co = inf sup E)
AEF, p e

We shall now consider an appropriate dual set to F». First, we recall a few facts
about the following weighted eigenvalue problem (1 < p < 00):

{—Apu = A\b(w)|u|P~2u,

(*) ue HyP(Q), u #0.

We will say that A € R is the eigenvalue and u € H&’p(Q), u # 0, is the corre-
sponding eigenfunction of the above problem if the equality

/ |Vu|P2VuVedr = )\/ b(x)|uP~?updz
Q Q

holds for any ¢ € Hé P(Q2). The following lemma is well known.
Lemma 5.1 ([25] [11]). Assume b(z) >0, b(z) € LY (), and [{x € Q: b(z) > 0}
# 0, where t > 1 if p>n, t > 1ifp=mnandt > % > 1 otherwise. Let
Ao = inf{ [, [Vo[P; [, b(x)[v[P = 1}. Then:

(1) Ao > 0 is the first eigenvalue of the problem (x).

(2) Xo is simple, and there exists precisely one pair of normalized eigenfunctions

corresponding to Ao which do not change sign in Q. Here, v being normalized
means that [, b(z)v[P = 1.

We use the lemma to prove the following fact:

Lemma 5.2. For 2 < p <r <p* p<q<p(s), A\ >0,u>0 and any u €
Hé’p(Q)7 u # 0, there exists a unique v = v(u) € HyP(Q) such that

) Il g = 1wz 0
( ) IVol2 = inf{[ Vel = fo(Aul™? + plwlp = 13

[

Furthermore, the map u — v(u) is continuous from L™ () — HyP ().

Remark 5.1. Tt is quite unfortunate that the above lemma is not applicable —unless
p = 2— whenever r = p* or when ¢ = p*(s). This will create additional complica-
tions in the search for a second solution of the critical problems.

> I then st

P < n.

Proof. Since choose % <t <

__np* __np* _p
sp*+(g—p)n sp +(q P’ p* (q p)t

Y A Rl e
o |zl 7 g Q |g|* T

we get that |u|77P/|z|* € L}(Q).
The functional ¢ (u) = [|u||P? = [, [Vu[Pdz is clearly weakly lower semicontinuous
and coercive. Moreover, the constraint set

Because

C={weH: /Aw p+M|||| wlPde = 1}
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is weakly closed in Hy”(Q) and 4(-) is bounded below on C. Therefore, by the
direct methods of the calculus of variations (Struwe [26], p. 4), the infimum in (b)
is achieved and this infimum is the first eigenvalue of (%) and thus is simple. Any
function where such an infimum is achieved is the eigenfunction corresponding to
the first eigenvalue of (x). By Lemma 5.1, it cannot changes sign in . This gives
the uniqueness of v(u) and therefore its continuity for non-zero w. O

Note that (1 (u),v(u)) corresponds to the first eigenpair of the (weighted) eigen-
value problem

—-P
s

Jo[P~2v  in Q

_ _ rep o lul®
(o) {Apv v(Aul"™? + 1

|z
v=0 on 99.
Now let
lu|7—P

|z[*

Yo(u)Ptu = 0}.

My = My A {u € HY?(Q); /(A|u|“p b
Q

The following duality result was first noticed by G. Tarantello [2§] in the case
when s = 0 and p = 2.

Theorem 5.3. Assume p < g < p*(s) and r < p*. Then Ms is a closed set that is
dual to Fs, and

inf By, = ¢z 1= c(Ex u, F2)
M,

as long as we are in one of the following cases:

D) p=r,p<qgand 0 <A< A1, 0< p.
2)p<r,p=qand 0 < p < f15p,0 < A.
B)p<r,p<qgand0<p, 0<A

Proof. In the 3 cases, we get from Theorem 5.2 (and its proof) that M is closed
and that for any w # 0, there exists a unique ¢(u) > 0 such that t(u)u € M.
Clearly, t(u) = t(|u|) = t(—u) and

By (t(w)u) = tfg{E’\’”(tu)'

The uniqueness of ¢(u) and its properties tell us that the map u — #(u) is continuous

on HyP(Q) and that the map u — t(u)u defines an odd homeomorphism between
S, and M, which gives that vz,(ANM;) > 2 for all A € Fo.
On the other hand, the map h: AN M; — R given by

defines an odd and continuous map. Since vz,(h(A N M;)) > 2, we get that 0 €
h(A N M;) which means that AN My # @ and M is dual to F2. In particular,
co > infyens, Exp(u).

To prove the reverse inequality, take u € My and let v(u) be such that

q—p
/()\|u|"*p + uhﬂdg Yo(u)P~tudz = 0.
o :
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Let w(u) be a minimizer for the problem:

|u|aP
jz]°

|u|q—p

[+ B p =1y,

pa = mE{0(w) w € HP [ (a7 pl T o) =
Q

Since u € My, we obtain

I

, [Vull}
= JaOul + il
Define A = span{v(u),w(u)} € Fs. Then, clearly,

s vl
jatl — fQ(A|u|r—p + ’U/‘UH*ZJ )|w|p

|]®

|u
|z

)

, Ywe Ajw #£ 0.

For wy € A satisfying F ,(wo) = supy Ex, > c2, we have wy # 0 and wy € M.
From the above inequality, we derive

|u|lZ*P

/umrm+u Jewol? > | Veol[2.
Q |z

This implies

1 A o — ) = L0l Il

> [ uli
P Ja |z] p p

valid for t > p and z,y € R)

1 -
(ll" = Iy[") = i lyl)lyl""

Applying the inequality

=~

with ¢ = r (resp. t = q), we conclude that

A 1 [ Jwol? A L[ fule _ [Vwolls [[Valb
_/ |w0|r +M_/ | |S _ _/ |u|r _N_/ | |5 > p _ p,
T Ja qJo |7] T Ja q Jo || p p

that is,

E)\,u(u) > E)\,;L(WO) > Ca.
This finishes the proof of the theorem. O

6. THE SOLUTIONS IN THE CASE OF AN HS-SUBCRITICAL SINGULAR TERM

In this section, we consider the problem

{—Apu = ANu|""%u + W in Q,

(P/\,u) fel®

ulgo =0,

where 0 < s < p < n, in the presence of a subcritical singular term (1 < p < g <
p*(s)) and a subcritical non-singular term (1 < p <r < p*).

Theorem 6.1 (Hardy-Sobolev subcritical singular term). Suppose 1 < p < ¢ <
p*(s) and r < p*. Also assume one of the following conditions:

) p<gp<randX>0, u>0.

2)p=¢gp<rand >0, us, >p>0.
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Then the equation (P ,) has infinitely many solutions. Moreover, it has an ev-
erywhere positive solution uy with minimal energy and a sign-changing solution us
that satisfies

UoldP
/(A|u2|r7p+ﬂ| |2x||s Jo(u2)? uy =0,
Q

where v(ug) is the first eigenvector of the (weighted) eigenvalue problem

—Dpv = v(N|ua|" 7P + M%HUVJ’QU in Q,
v=0 on O

Proof. Now that under these conditions the functional E , satisfies (PS). for any
c. It is now enough to apply Theorem 5.1 to F; and its dual set M; (resp., to Fa
and its dual set Ms) to get a solution wu; (resp. wug) which minimizes the energy
functional on M; (resp. Ms).

To obtain other solutions, we need the following result of Rabinowitz ([L7]).

Lemma 6.1. Let E be an even C'-functional satisfying the Palais-Smale condition
on a Banach space X =Y & Z with dim(Y') < co. Assume E(0) = 0, as well as
the following conditions:
(1) There is p > 0 such that infg z) E > 0.
(2) There exists an increasing sequence {Yy}n of finite dimensional subspaces of
X, all containing Y, such that lim,, dim(Y,,) = co and for each n, Supg,, v B
<0 for some R, > p.

Then E has an unbounded sequence of critical values.

We now show that the functional

1 q A
E(u) = - / 2y / Jul”
P Ja q Jo |37| r Ja

satisfies the hypothesis of the lemma.

Without loss of generality, we assume that Q@ = (0, 1)”. Let Yj; be the k-
dimensional subspace of X = H&’p (Q), generated by the first k functions of the
basis

{(sinkymxy, -+, sink,may,), ki € N, i=1, .-+, n}.

Let Zj denote the complement of Yy in X, that is, the set generated by the base
vectors not in Yj. For any u € Y,* , the topological complement of Yj_1,

|ull, < C||Vull,/k* (Peral [25]).

Claim 1. For k sufficiently large, there exists p > 0 such that E(u) > 1 for all
u € Z_1 with HuHHép =p

Proof of Claim 1. We first consider the case where p =¢, p < r and p < pgp:

W 1/ / r
Eu) > (1 — - VulP - C ul”.
(u) > ( us,p)p Q| | Q||

By the Gagliardo-Nirenberg inequality,

(1) < e[ 1wy m's
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with a = 2(1 — £). Hence, for u € 9B, Y} |,

ra r(1—a)
c, / Vul? — Oy / Vul?) % ( / jufr) ™52
Q Q Q

C —a) —
= P(Co=Cap () )

n

n
p

Vv

_ 1
= pp(CQ - C3PT pkr(lfa)/n)'

r(l—a) 1 pr(l

Choosing p = (%ki)fp, we get that F(u) > %C’gpp = C4k"<r7_;)) > 1, for k
large enough. This completes the proof of Claim 1 in the first case.

We turn to the case where p < ¢: Since ¢ < p*(s), choose £ > 0 such that
q< "7f;€p; then

n

Jul?

< co</ s
o |zl Q

n In=s=¢

[ == <o [ n ==
Q Q

I

/Q|u|r < 03(/Q|u|qﬁ)n775_5.

Because of these relationships, we could combine the last two terms of the functional
FE together. In this sense, we may assume that

B>t / Vul — C / ",
P Ja Q

and the rest is as in case (1). O

n n-—s—e
qn—s—a) ™

If g—2— < r, then

n—s—e

Thus

|ul? / 1
<C ul|")T.
<[ )

If ;=" >r, then

n—s

Let Y =Y}, with the k chosen in Claim 1. We now show the following.

Claim 2. In both cases, there exist for each finite dimensional subspace Y; C
Hé’p(Q), positive constants Cy, Cy (depending on Y} ) such that

sup E(u) < CiRP — CyR".
u€IBR(Yy)

Indeed, for any u € H&’p(Q) and any R > 0, we have
RT

E(R < RP p T
e
Since Y}, is a finite dimensional space, it is closed and the two norms || - || and

Il 1727 () on Y are equivalent. This implies the Claim.
Now we can apply Lemma 6.1 to conclude that Ej , has an unbounded sequence
of critical values. Theorem 6.1 is proved. |
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7. THE SOLUTIONS IN THE CASE OF
A HARDY-CRITICAL SINGULAR TERM

Theorem 7.1 (Hardy-critical singular term). Suppose 1 < p = q¢ = p*(s) (i.e.,
s=p).

(1) If p < v < p* (high order non-singular term), then (Px,) has infinitely
many solutions —at least one of them being positive— for any X > 0 and any
0<p < pip.

(2) If r = p* (critical non-singular term) and S is star-shaped, then (P ,) has
no non-trivial solution for any A > 0, u > 0.

Proof. If r < p*, then by Theorem 4.1.2 the functional E, , satisfies (PS). for any
c as long as p < p,. Since p < r, the proof is the same as in Theorem 6.1.(2), while
the second case of the theorem is covered in section 2. O

Remark 7.1. The case when p = g = r is really an eigenvalue problem. There are
plul”2u
x]?

solutions for (P ) as long as A is an eigenvalue of the problem —A,u —
AulP=2u in HyP(Q).

If 0 < p < pyp, one can show that there is an infinite number of eigenvalues for
the above problem. Indeed, these correspond to the critical levels of the restriction

of the functional
- 1 p
E(u)z—/ [Vul? dm—ﬁ/ Jul® dx
D Ja p Jo |z|P

to the submanifold {u; [, |u[’ dz = 1}. But a slight variation of Theorem 4.1.(2)

shows that in this case E has (PS).. for any ¢, and therefore a standard application
of Ljusternik-Schnirelmann theory applied to the genus v,, will yield the result.

8. A POSITIVE SOLUTION IN THE CASE OF
A HARDY-SOBOLEV CRITICAL SINGULAR TERM

In this section, we consider the first solution for the problem (P ,) with the
critical Sobolev-Hardy exponent.

Theorem 8.1 (Hardy-Sobolev critical singular term). Suppose 1 < p < g = p*(s)
(i.e., s < p) in the equation:
_ p*(s)—2 .
u|aQ = 0.

o Ifr < p*, then (Px,,) has a solution that is strictly positive everywhere on €2,
under any one of the following conditions:
(1) p=r<p*andn>p* 0< A<\ and pu > 0.
(2) p<r <p*, \islarge enough and p > 0.

* (p—1)r+ 2
B)p<r<p (mdn>m,)\>0,u>0.
o Ifr =p* and Q is star-shaped, then (P ) has no non-trivial solution for any

A>0,u>0.

Proof. Note that the last case (r = p*) was covered in section 2. Now if r < p*,
then Theorem 5.2 asserts that any one of the 3 conditions yields that the set

My = {u € Hy"(Q);u # 0, (E} ,,(u),u) = 0},
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is closed, that it is dual to the Mountain Pass class
Fi={y € C([0,1]; Hy"(2)); ¥(0) =0, 7(1) # 0 and Ej ,(y(1)) <0},
and that
infE;w = C1 = C(E)\,/u}—l)~
My

On the other hand, Theorem 4.1.(2) yields that E , satisfies the (PS). condition
for any

_ g n=s
c< P ns e
p(n —s)
Therefore, we should be able to apply Theorem 5.1 and obtain our desired assertion,
if only we can prove the following case. O

Lemma 8.1. In any one of the above three cases, we have

n—s

b—s (:U/s )ﬁ .
p(n—s) pn=r
Proof. We may assume without loss of generality that 4 = 1. We first consider the
following case:

c1 <

Case (1). p < r and X is large.

In order to estimate the energy level ¢;, we consider the functions

(‘?) /\t
g(t) = E p(tve) = /|Vv5|p /|Us|r

P " (s)
=—/ Voep — 27
P Jo p*(s)

where v, is the extremal function defined in the appendix. Note that lim;_, g(t) =
—oo and ¢(t) > 0 when ¢ is close to 0, so that sup,~, g(t) is attained for some ¢, > 0.
From B

and

0=g'(t) = ti’_l(/ |Vve|P — 27 ()P — Mg_p/ |vel")
Q Q
we have

/ |Vo.|? :ﬂ;*(s)*p—i—)\t;*’)/ ve|” > tg*(s)*p
Q Q

t. < (/ |Vv5|p)r)*<b1'>*v.
Q
/ |Vv€|p < t:g*(S)—p + )\(/ |Vv€|p)_P*E>I:P (/ |v6|7")
Q Q Q

Choose € small enough so that by (1) and (6) of Lemma 11.1 we have A B
That is, we get a lower bound for ¢., which is independent of ¢.
Now we estimate g(t.). The function g(¢) attains its maximum at

= (/ Vv |P) 75
Q

and is increasing in the interval

([ o)),
Q

and therefore

Thus
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By Lemma 11.1, we have

A
ot = glte) - 2t / el
_(/|V1) |p p(e) p ——tr/| €|r
1
= - — / |V’Ug|p p () P — —tT/ |U5|r
p *
< p—

—p A s _
[ Sp s O(er—s) — = P(*) P Er.
L2 o) - 2y [

So for A large enough, we have
p—s =

M%%<Mn—$

« 1
Case (2). p<r<p andn>%,)\>0.

Note first that the above condition is equivalent to max{p, p* — I%} <r<p*
and A > 0.
For any A > 0, the above estimate on g(t.) and Lemma 6.1 yield

);

- n_s n—p p= r(n—p)
g@e)<i—%l———5us +O(e55) — O(e b= (=)
p(n—s

so that if 7 is chosen in such a way that

n—p>p—1m_fm—m)

p—3s p—3s p
ie. r>p"— F’ then
p— n—s
te) < §°
a(te) p(n — s)

Case (3). p=7r,0< A<\ and n > p*

We still use the function g(t). Since A < A1, we have g(t) > 0 when ¢ is close
to 0, and lim; . g(t) = —oco0. So again ¢(t) attains its maximum at some t. > 0.

From
J(t) =7 1/|vu P (o) A/|v€|p ) =0
we get
tsz(/ |Vv5|p—)\/ 0. [P) 7T
Q Q
Thus
1 1 _p ()
gts) = (= — = /va—)\/vpp*@)*r’
(1) = & = =) [ 1V = [ )
p—Ss n—s n—p p(p—1) 1
7+ 0(er=2) = O(e »=5 ), p>p*(l—-),
[ e o — o (-2
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In the case where p > p*(1 — %), we require that % > %, but both are
equivalent to p?> < n. In the case where p = p*(1 — 1_1>) we have p? = n, and the
proof the lemma is now complete. [l

Remark 8.1. (1) If p?> < n, then p* — p% <p*(1 - %) < p, so that r > p* — ﬁ
whenever p < r. In this case, r can take any value between p and p*.
(2) If p?> > n, thenp < p*(1—1) < p* — £, and then we require that p* — -£5 <

p p—1
p<p*.
9. A SIGN CHANGING SOLUTION IN THE HARDY-SOBOLEV CRITICAL CASE

In this section, we extend the arguments of Tarantello [28] to establish the fol-
lowing.

Theorem 9.1 (Hardy-Sobolev critical singular term). Suppose 2 < p < q = p*(s)

and r < p* in the equation

|u‘p*(5)*2

(Pas) —Bpu = Al Pu A p g in Q,
u|aQ = 0.
Assume any one of the following conditions:
(W) p=r<p"n>p>—p>+p, u>0and0 <\ <\
(2) p<r<p*, u>0 and X large enough.
(3) p<7“<p*,n>% and >0, > 0.
Then (Px,,,) has also a changing-sign solution w that satisfies

|u|P” ()P .
J Nl 4 ot = o
Q Ed
where v(u) is the first eigenvector of the (weighted) eigenvalue problem

|u‘p*(5)—p

Dy = v(Nu"P + pm— )PP in Q,
v=0 on ON.

Proof. We assume without loss of generality that ¢ = 1. Theorem 5.2 asserts that
for any ¢ < p*(s), any one of the 3 conditions yields that the closed set

Yo(u)P~tu = 0}.

|u|q—p

|[*

M= M0 {ue Hy?(Q); /(/\|u|7"_p +
Q

is dual to the class F», and that
inf By 4 = c2,q 1= c(Ex,q, F2),
M3

where for each ¢ < ¢*(s), the sets M{ (resp. Mj) denote the dual sets associated

to the functional
1 1 ul? A
Brg =t [ ur—2 [LE-2 [
P Ja q Jo || T Ja

Ey will denote E) j«(s) and M; (resp. My) will denote MP®) (vesp. ME ),
Note that by Theorem 5.2, M; is dual to Fi, but the same cannot be said about
M and F5 unless p = 2. Therefore, to establish the theorem above, we shall resort
to a limiting argument as ¢ — p*(s).
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Lemma 9.1. Under any one of the 3 conditions in Theorem 9.1, we have:

(1) ¢ig — ¢ (1=1,2) as g — p*(s).
(2) There exist 0 > 0 and §o > 0 such that for 0 < |q¢ — p*(s)| < do, we have
C2.q < C1,q + %S% — 0.

Proof. (1) First we prove that (c1,4)q and (c2,4)q are uniformly bounded in q. We
shall only show it for ¢z 4. For any u € M,

/ |vu|;ﬂ _ |u|q _/\/ |’U,|T —
Q o lzl® Q

1 |ul?
E 7)\———/ " ———/ dr >0,

A,q( | | P ) 9 |x|g

Le., c24 > infpe Ey ¢ > 0. Since now
> [ war -2 '“'——/||’“
o l2*

4 |W|,,__/ jul" = Bw)
D Ja T Ja

lim  E(aug+ Bvo)

a—00,3—00

= lim (E/Q|V(auo+ﬁvo)|p—%/Q|04U0+5U0|r) =-

a—o00,3—00 P

Thus

Exq(u)

IN

and for any ug, vy € Hy?(Q),

E(aug + Bvg) attains its maximum at some finite ap and By. This means
0 < o4 < E(aguo + Bovo),

which is independent of q.
This implies the existence of constants C; > 0 and Cs > 0 such that

q
Cl</M<CQ.
o |zl

Similar estimates also hold for ||Vus 4|, and ||ui 4. Notice that for every u # 0,
there exist unique ¢4(u) > 0 and ¢(u) > 0 such that

t(u)u € My and t,(u)u € M.

Furthermore, t4(u) — t(u) as ¢ — p*(s). Set sq = t(u1,q) so that squy,, € M;. We
have

c1 < Ex(squi,q)

1 A 1 |squ1,q|p*(5)
:;/ [Vsqui,ql” — _/ |squi,q]" — ( / EE

1
:(p uy qf? +)‘ /|5qu1,q|
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Since uy 4 € M{, we have

U1,/
Buglung) = /|Vu1,q|p——/| Ll = [
o lzf°

1
G- /|Vu1,q| +A 1.1 /|u1,q|r

Thus
1 < Ex(squig)
— (]19 - é)/ﬂsf;lwml”ﬂ% _p*l(s))/ﬂsg|Vqu|p
+ (pl( 1)/ |squ,ql

1
= G0 [V -2 / Vs
+

1
E_P*(8)>/ s |Vu17q|p—|—/\ /|5qu1 al”

= Baglung) + (= - §><ss 1) / |Vu1,q|p

1 1 1 1
———)(sr—l/ul_ T AN —— — - /sruL T
=260 [l M =) [ sl
Note that s, — 1 as ¢ — p*(s); therefore

c1 < ep,q+0(1).

To obtain the reverse inequality, set t; = tq(u1) > 0. Thus, tqu; € M{, t; — 1
as ¢ — p*(s), and

1 lulP" ()1 ||
g < By q(tqu = E\(tqu1) + / ——/
0= Prallat) )+ 350 Jo Ta 0 o lal
= Ex(u1)+o(l) =c1 + o(1).

This completes part (1) of the lemma.

We prove part (2) by estimating sup 4_ Ex 4, where A. = span{u,v.} € F2 and
uy is the first solution of the critical problem. For that, we need the smoothness of
u1; but this cannot be guaranteed unless p = 2. However, an easy approximation
argument, and the fact that sup,~ Ex(tu) — sup,sq E(tu1) as u — wuy strongly,
allow us to assume that u; has the required smoothness.

Therefore we may suppose that uy, Vu; € L*(2). We shall consider the case
where 7 > p first.

Case (1). Assume p < r < p* and A > 0.
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For € > 0 and ¢ sufficiently close to p*(s), and by the calculus lemma,

Exglaur + pBue )
A A
/|VO&U1+B’UE)| ——/|au1—|—ﬁvel _Q/M
Q

|z[®
q
/|v aul __/| |au1|
o |zl
q
+ 1 [l ——/wer—— [P
||

A / Vo ||V 3o P~ + [Vaus [P~V Bu. ]
Q

+ Bl Jounl 1Bl + o] |50

Boc|?! _1|pv
+ Cl/ |au1|| iz ||g + |auq|? 1%]

< vtewnp =2 f o= | MG
SIACLk ——/wgr——/'f;f'fj

p=1(,_ (r=1)(n—p)
+ Aa(lal” + |BP)ET + Ba(lal” + |80

+ Cal|al? +|]")e7=7.
Therefore, for € sufficiently small,

hm E\ q(auy + Bue) = —o0.
a,B—

So we may assume that a and 3 are in a bounded set.
As in the study of the first solution, let us consider the function

P
g(t) = Ex(to) = & /| /|€|’“

again. As in the previous section, we have

p—s o= nep A fls\__r
te)) < — C s — —(—)r - (o
g( 6)—p(n_s):u‘5 + Cer- T(z)p 7’/Q|U€|
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Ifnowr>p*—p—i1>p*—1,wehave

BI"S 1B [ el

p*(s) q Jo |zl
(T—l)(n—P))

By qlaur + fv:) < Eyg4(aur) + Ex(Bve) +

n—p p—1
+ Agzer®=9) —|—B35£—s (n—

p— n—s |ﬂ
< gt ———=pl T +Cev 4
q p(n ) S )
a q
_ﬂ |U€| — *() P/|Ue|r
q Jolz|®
+ A3gp(n 5> +B35p =L (n— (r=1)(n—p) 1)(1, Py
S ( S) +C€Pb+A3€p(p :.)
T I R L
|BJP" () 1B [ e
p*(s) q Jao |$|9
Choose € small enough so that
Cet 4 Agertns 4 Byet (=00 o 2=t o)

for some constant o > 0. Now choose dg > 0 small enough so that

Bl e a1 /Ivel

) <o for 0<|g—p*(s)| < do.
Thus the case when r > p is established.
Case (2). r=p,p> —p*+p<nand 0 <\ < Ap.

The assumption p? — p? + p < n implies that p> < n, p > p*(1 — %) and

p—1<p*(1-— %) We assume that « and  are in a bounded set, and we estimate
Ex(auy + Pu:). Again let

AN
g Ey(tve) = / ——/ ve|Ps
(t) = By Vo - s = 5 o

then the maximum g(t.) of g(t) satisfies
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Thus we have

EA,q(a ur + P )

/|V (cuy + Bve)| ——/|au1 + Bu|P —
/IV o) __/| |au1|q
o |zf®
q
#1 [ wn) ——/wgw—— B
o |zl

+ A / IV ||V Bve [P + [Vaus [P~V B |
Q

|ouy + Poe|?

Q |z[®

+ B w180 P + o P 0

ve|97t v
+ Cl[/ |ty | |B|E||S + Jauy |71 ||B |z|]
Q

< v =3 [y - [
+ = [ 190 ——/wgv) /'f;’;'

-1
+ As(laf? +|B|P)e77=9 + Ba(|aff + |BIP)e Lol
+ Cy(lal? +|8|9)etn

8] 87 [ ve|?
< B q(aur) + Ex(Bve) + - —
olow) VTV T o Tl
n—p (n—p)(p—1)
+ Aze?®=5) + Be r(r=9)
<o+ p—S o b_’_C&‘p |6 ) _|ﬂ|q |,U€|q_ (6%)
T T q Jo lzI*
n—p (n—p)(p—1)
+ A3gp(n—5) + Bge plr—9)
_ s (np)(p—1)
< cCigt 1% T Ot + AyeT + Bae w0

=) Iﬁl” OB [ e
p*(S) q Ja lz|*”

Since p? — p? + p < n, we may choose ¢ small enough so that

— 045

(n—p)(p—1) p(p—1)

Cev—s + A3€ﬁ + Bze  po=5)  — (Cye »—= < —20

for some constant o > 0. Now choose dy > 0 small enough so that
57O 1l [ el
p*(s) q Ja l=f®

The proof of the lemma is now complete. O

<o for 0<|g—p*(s)| < do.

Proof of Theorem 9.1. In order to get the second solution, we shall consider the
second solutions ug 4 of the problems corresponding to ¢ < p*(s) and we will find a
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limit as ¢ — p*(s). The location of ug , on the dual sets My will be crucial for the
compactness.

Since c3 4 is bounded uniformly in g, there is K > 0 such that

[Vuszq4llp < K whenever 0 < |g — p*(s)| < do.
For z € Q, define (uz,4)" (z) = max{us 4(x),0} and (u2 )~ (z) = max{—usg4(x),0}.
Since ug 4 € MY, both (ug4)™ and (ug4)” (x) are non-zero and belong to Hy™(Q).
In addition,
[V (uz2.4)%]| < K whenever 0 < |q — p*(s)| < do.

Thus, we can find g, such that g, — p*(s) as n — +oo,u™,u~ € H)* and
+ +

-

(u2,4,) weakly in H&’p as n — +o00.

We claim that ut # 0 and u~ # 0. To shorten notation, set u;" = (u2 4, )%, c1.0 =
1,4y En = Exrg, and T, = M. Since u,, is the solution of the corresponding
sub-critical problem, we have that uX € T',,. In particular,

En(uf) Z Cl,n-

From Lemma 9.1, we also know that

p—s x=

En hy En n) = En n) = < n s -
(un) + (un) (U ) 02;% — CL + p(n _ S)‘u o
for n large. Necessarily,
p—s =
En * < sp s =
(up) < prp—_ o

for n large. From the fact that u;X € T',, and ¢} — ¢; > 0, we derive

|uﬂ: qn
K < / " oK
o lzf

with suitable positive constants K; and Ks.
Arguing by contradiction, assume, for example, that u™ = 0. From the above
and the fact that uX € T',,, we obtain

1 |U,+ qn p—3s n—s
—V+p—— n < = _—o+0(1
and l
vl - [ B o)
||®
Consequently,
+|p"(s)
(P s
o |z
u+ qn |u+ qn 1
<Vu+p:/|” —|—01:/ . —
<9l = [ BEE o) e T
Flan g, 1 p*()=an
st ([ ) 4 oq1),
o |7l |7l

. +an
Since fQ ‘“";“S is bounded away from zero, we conclude that
an—p*(s)

|u+ dn q,,:,p 1 -
o ol )T Z ) T He ol

v
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That is,
W 5 WF o)
o(1).
ol ="
Thus, we have
p—s 1= p—s [ut|am
— +o(1) <
= TS50 o T
1 1 |u+ qn p—s n—s
:—Vqup——/ e 4o(l) < —pud° —o+0o(1).

This is a contradiction, and we conclude that u™ # 0. Similarly, u~ # 0.
Set u = u' — u™; that is, u changes sign in Q and

Uy, = Uy, — u weakly in HyP(9).

So, (4 (u), w) = 0 for any w € HyP(Q), i.e. u is a weak solution of (Py). Now, we
prove that a subsequence of {u,,} converges to u strongly in Hé P(Q) and conclude
that u is a solution of (P ,-(s)) that is located on Ms.

Since { E(uy,)} is bounded and E/ (u,) — 0, we may assume that the conclusions
of Lemma 4.4 hold for the sequence (up, ).

Note that u € My; hence E(u) > ¢1. Set u, = u + wy, with w, — 0 weakly in
Hy™. We have

_g n=s
Cm + L — 0 > En(u+tw,)
p(n —s)
1 1 [ fulor A 1 L[ |wylt
> vl - — [ = 2l Sl - — [ o)
p dn JQ |£L'| r p dn |£L'|
1 1 |w,|
> 1+ —||Vw,|2 — — + o(1).
4 IV - - o)
Since |c1,, — 1] = o(1), we derive
1 1 |wn qn p—s n—s
—[[Vwy[p — — < = — o +o(1).
PEAL Il A T L W
Furthermore,
) , ) |wy, |2
Q
i.e. o
W, |9n

The last two relations show that the sequence ||Vwy,||, cannot be bounded away
from zero, and therefore a subsequence of {w,,} converges strongly to zero. [l

10. SOBOLEV CRITICAL NON-SINGULAR TERM

In this section, we prove Theorem 1.4. We reformulate it as follows.

*

Theorem 10.1. Suppose 1 < p < q < p*(s) and r = p* in the equation

{ —Apu = NP2+ pl

[
o in Q,

P |
( A,u) u|8§2 —0.

Then (Px,,,) has a positive solution if any one of the following conditions holds:
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(1)p<q,n>W(md A>0,u>0.
2)p=g¢gn>p*—(p—1)s and A >0, psp > p > 0.

If one of the following conditions holds:

) 1 s)+
(1)p<q,n>%and A>0,u>0,
2)p=qg,n>p((p—1(p—5)+1) and A\ >0, psp > p >0,

then (Px, ) has also a sign-changing solution.

Remark 10.1. The existence of a positive solution under condition (2) above has
already been noticed in [T3] in the case where p = q.

By scaling, we can always assume that A = 1. The corresponding functional is

again
1 1 . q
W= [up -2 [ -2 [
P Ja P Ja q Ja |zl

Recall that under any one of the above conditions, the set
My = {u € Hy"(Q); u#0, (Ej(u), u) =0}
is dual to the class
Fi={v€C([0,1]; Hy"(2)); 7(0) =0, %(1) # 0 and E,(v(1)) < 0}.
Moreover, the energy level ¢; = inf gc 7, sup,c 4 E,(u) i 1s equal to infyenr, B, (u).

By Theorem 4.1.(3), E,, satisfies (PS). for any ¢ < uo ». So, the existence of
the first positive solution follows immediately from the followmg estimates.

Lemma 10.1. Ifr = p*, then ¢1 < %ug in any one of the following three cases:
(1) g=p, 0< p<psp andn >p?>—(p—1)s.
(2) p < q<p*(s) and p large enough.

" plp—1)(g—5)+p*
(3) p<q<p(s) andn > S

Proof. Take v to be the function as in Lemma 11.2 of the appendix. Then, as in
the proof of Lemma 9.1, we consider:
Case ¢ > p. We have

P |ve|?

1 = n—
E,.(tv. —pud +0(E7 ) —=(—
0Stdse M u(tve) nHo +0( ) q( s q |zl®

1 = n—p (=) (P=1) (¥ (g
= —pu +0ET)=0(E ? (P (s) Q)).
n

IA

Z:; (p — 1). The estimate then follows.

Case ¢ = p. We have

max E,(tv.) = /|V P — |v€| )

0<t<o0

(n P)(P=1) (* (g) s
ﬁm+0@p)—0@ 2 PETP s mes )
1ud +0(E"F") — O™ |loge)), p="1=2(p—1).

e (n—pp-1) (P—s)p—-1)
n—p)p—1) p—s)(p—
= (s) —p) = ———=

> (p"(s) —p) »

the conclusions now follow immediately.

)
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For the sign changing solution, we shall proceed as in the case of the Hardy-

Sobolev critical exponent. First we find appropriate sign changing solutions for the
sub-critical problem, i.e. when r < p*, and then we pass to the limit as r — p*.

Write again
1 1 r p [ ul?
Burlu) =3 [ 1vup =1 [ur -2 [ 2L,
P Ja rJa q Jo |7l

Fi ={yeC(0,1]; Hy?(Q)); v(0) =0, v(1) # 0 and E,,(y(1)) < 0},
M} = {ue Hy"(Q); u#0, (Eu,) (u), u) =0},

and

c1,r = inf sup B, -(u).
A€F1 yeA H

Then, as previously, we know that M7 is dual to F{ and ¢1, = infyen, E.(u).
Also define

cor = inf sup E, . (u)
A€F2 4cA - ’

where F; is defined in section 5. We write ¢g (resp. E,,) for ¢ p+ (vesp E, p+). O

Lemma 10.2. Under either one of the following conditions,

(1) p=¢0<p<psy cmd( n >)(p(p)— D(p—s) +p,
p(p—1)(g—s)+p

(2) p<q, >0 G/den>m,
we have

(i) cip— ¢ (i=1,2)asr — p*,

(ii) copr <c1p+ %,ug — o for some o > 0 and r sufficiently close to p*.
Proof. For the first conclusion, the proof is exactly the same as in the last section.
For the second one, we can assume that the first solution uq is smooth and Vu, €
L>(Q).

For € > 0 and ¢ sufficiently close to p*, apply the calculus lemma to obtain

E, (ouy + fve) < Eyr(aur) + E, . (Bue)
+ Al[/ |Vozu1||V6v€|p_1 + |Vau1|p_1|V6v€|]
Q

+ B[ [ Jau|50e" 1+ ol v
Q

Bt B
+ Gl o = a1
N el

< Bur(au) + By (Bv) + As(laff + [BP)e »#
p=1¢, (r=1)(n=p)
+By(|al” +[]")e"7 ¢ ;)

+ Co(Ja|? + |B|T)e »2 .

Again, we note that for ¢ sufficiently small,

lim E,,(au; + Bv.) = —oo.
a,3—00

So we may assume that a and 3 are in a bounded set.

p(p—1)(g—s)+p

Case 1. Assume p < ¢, 0 < pr and n > T = —p) -
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Then, by the calculus lemma,

Eu,r (aul + ﬂve)

p” r
< By (au) + Bp(pu) + 2 - 2L [ oy
P r Q

n—p 1

+ Aze »? + B3€%(n7(r_l)(n_p))

P
1 = n— P T S q
< C1,r + —S? +Ce b + & _ ﬂ/ |'U€|T — E(_)p*qu |U€|S
n p r Ja q 2 a |7l

n—p p—1 (r—1)(n—p)
+ Age ?® + Bge'm ()

1 » n—p n—p p—1, _ (r=1)(n—p)
<c1p4+ =87 +Cec v +Aze 7 +Bge' v " b )
n

(n=p)(=1) [ xy_ P T
_ 046 P2 (p™(s) Q)+ |6|* _ﬂ/ |U€|T,
p r o Ja

where we require g > Z:; (p—1). From

p=1,_=Dn-p)
p p p

wegetq>r—1—n”—_5p. From

we get that ¢ > p*(s) — p%l. Since

1 DS
(s)—m ——=>p(s)—1l=p" —1— ——>r—1—
p(s) p_lfp(S) P aep " —

the hypothesis ¢ > p*(s) — p%l (i.e. n > %) is sufficient to allow us to

choose € small enough so that

1 (ni (r—l)}En—p)) _

n—p n—p p—1 (n=p)(p—1) (, *
Ce v + Aze »® + Bse » A

45 P S)_Q) S _20.
for some constant o > 0. Now choose Jy > 0 small enough so that

181”

|/8|T T f 0 * 5
P Q|v€| <o for 0<|r—p* <dp.

Thus we have proved the case for ¢ > p.

Case 2. g=p,n>plp—1)(p—s)+pand 0 < p < isp.
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We assume that o and (§ are in a bounded set, and we estimate E)(auq + fv;):
Eur(aur + Pue)
< Em,«(aul) + EW"(BUE)

A / Vo ||V 3v. P~ + [Vaus P2V Bu. ]

p—1
v
+ Bl [ ol o oy 12

|z[* |z[*

+ 1l [ JauBoe]" "+ fawal" Y v
Q

]

p* r
< Buplan) + By(ou) + L L0 [

+ Agz—:np_Q 4 ByeF (=t —1);" m)
r’ < Ap-1)
<y |6| |ﬂ| /| vl = O B )
(r D(n=p)

=+ A35 P2 +BgET(n7

(r—=1)(n—p)
<ept— Sp—i—Ce 72 4 Age 7 4 Baelm ()

(p=s)(@=1) P "
- 046% + —|ﬂ|* - ﬂ/ |’UE|T.
p T Ja

”:; (p—1). By the assumption, we can choose

€ small enough so that

n

Ce™7" + Ase # + Bye™v ("™

(r—=1)(n—p) (p—s)(p—1)
P ) 046 P < 20

for some constant o > 0. Now choose dy > 0 small enough so that

P T
|BPL _@/ lve|” <o for 0<|qg—p*| < do.
Q

The proof of this lemma is now complete. O

The rest of the proof of the theorem is now very similar to Theorem 9.1. The
details are left for the interested reader. O

11. APPENDIX: ESTIMATES ON THE EXTREMAL SOBOLEV-HARDY FUNCTIONS

Assume, without loss of generality, that 0 € 2, and let

s p—n

V() = (e + a] 55) 5%

U.(z) is a function in H*P(R") where the best constant in the Sobolev-Hardy
inequality is attained. They are, modulo translation and dilations, the unique

positive ones where the best constant is achieved. (See section 2.)
Let 0 < ¢(z) <1 be a function in C§°(£2) defined as

[ 1 il <R,
() { 0 if |z > 2R,
where Bar(0) C Q. Set u.(x) = ¢(x)Uc(x). For € — 0, the behavior of u, has to
be the same as that of U. but we need precise estimates of the error terms.
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Lemma 11.1. Assume 0 < s <p, p>2and q= 7=}

Ue
\u5|‘1 T u-las L
(Jo \z\b ¢

so that fQ ||7;E|Lq =1, we have the following estimates:

Ve =

(1) Vet = ps + 0(5’5;5>

(2) [oIVu|*=0 (E(P(P §>) fora=1,2, p—2 p—1.
(3) if r>p* (1——) then

- r(n—p) p— r(n—p)
CreFm =5 < lu||7 < Coe B =5,
4) if r=p*(1- —) then
(n—p)r (n—p)r
Ciev@= |loge| < |lve|lr < Cae?@=2) |loge|,

(5) if r<p*(1- —) then
n—p)r (n—p)r
CLevTEH < [[vo||l < Cae 75

(6) if p<r <p*, then ||ve|h — 0 (ase — 0),

1
Iv " ot
||
(8)
|ve np
=0 5;}(;}*&))
i =0

where C1, Cy > 0 are constants.

Proof. Let

k(e) = (5~(n—s)(n_11))p D ato=e,

Then y.(x) = k(e)U(z) is the extremal function in the Sobolev-Hardy inequality.
Furthermore,

k(e | VU@)]18 = | Vye(@) |5 = pd
The gradient of u(z) is given by

p=s p—mn p—n TO(T
Vuels) = (et lalF ) vo@) 4 L2000
P2 (e + [zfr=r)v==falr=
= P=x 5= P=2 if |z] < R,
= (c+lal 1) 5= [af 51
if |z| > 2R.

Thus we have
/ [VuclP = 0(1) +/ VU (z)Pdz = O(1) +/ |VU: (z)[Pdx
Q |z|<R R
=0Q) + [|[VU:(2)|]7,
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and

|u€|p _ |U6|q _ |y€|q L —a _ —q
[ =0+ [ Tt —om+ [ B i) = ot

jz]° n 2l o |2f®

From this we further get

Vo p = HVUsH” o)+ ||VU 78

ellp = |ua‘q B ‘“E|q
fQ |9C|b fQ |9C|b

O(L) + ul =" k(e)” _ O +pd " k(e) P

- |u5\q § - p(n—s)

fQ B, O(1) + k(e)—Pps" "
n—s p(n—s)

= Ok(ep) +uE T < 0EFE),

(1) is thus proved. For (2), let w, denote the surface area of the (n — 1)-sphere
S"~1in R"; then

n—p ||
/ |vusla = 0(1) +/ ( _ 1)a p—s an—n (2o dz
Q lz|<R P (5—|—|x|p 1) p—s |J’,‘| p—1

R « n—1
n—op re.r
= O(l)"'wn/ ( 1)0( s _aln—s) (2o dr
0 p— ( +T‘p 1) p—s p p—1

R
— a(n—s) a(p—2)
< O(l)+um/ (%)”"*”‘1‘—?—1 ~E
e

and the order of r in the integrand is

a+n_1_0‘(n_5)_04(17_2) _ pn—p—n+l—an+as+a
_ Pn—n—an+a5—|—a_1>_1
p—1

fora=1, p—2, p—1and o« =2 if p > 3. Thus
[ 1vud = o)
Q

and we conclude that

R
ucdy = O+ [ e+ o) 5 s
0
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If r=p*(1— 1), then —3=Lr + 2=In =0, and

Re p_i pP—s n—p
Ue = =+ wp, + 1) s T dy
0
_p=1

Re pP—s 1
0(1) + w, / L
0

O(1) + O([logel).

So we get
loclly = O(llogele =),
If r < p*(1— ]—1)), then —%r +mn—1> —1. We conclude that

R p—s n—
luelly = 0(1)+wn/ (e +av1) 552" g
0

R —P
< 0(1)+wn/ 25y — o)
0
and -
el = O(e77=7).
Ifr > p*(1— %),then —ppr+n-—1<-land —I= pr+p—n<0 We have

n—p

luellr = O(1) + wpe™ 7=

)
p—1 p—s . _n—p _
el R

1

— O( TJrfn)

)

and
p—1

[ve]ll = O™ 55 THEs 56297y = O(eF= (-

(3), (4) and (5) are thus proved.
For (7) and (8), we have

JELw—ow+ [ erlali)
Q

|[*

r(n—p)
)

).

R
= 0(1) +wn/ (E + Tﬁ)fﬁarf\s . rnfldr
0

n—p —p

Re p—s . a
= 0(1) +wn/ (1—|—’r%)* —sQn—s— 157"75a+(n78)1’*idr,
0

If « = ¢— 1, then —%a—f—(n—s)p = —1. We have
_p=1
|u€|a -1 fie s P2\ —-2=La n-s-1
—dz = O(1)+ O(e wn (1+rv=1)" = dr
o |zl 0
— 0(1)+ 0 [ (4 rE) Ty 0,
0
since n —s — 2=£(¢ — 1) = ;=% < 0. Then

/ |’U€| d{E:O(Ef) gp(p s (4— 1)—0(€p,,1(7; f))
Q

|z[*
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If « = 1, since —"T_{’+n—s>—"f_f+n—p:(n—p)(l—ﬁ)ZOforpZQ,we

p p
have
|U'€| _ R =S\ —Z22P n—s—1
~dr = O(1) +wy, (e +ro=1) o=sp dr
o |zl 0

R
S(XU+w/)F%%“FkWT:OUL
0

and furthermore

(7) and (8) are thus proved. O

Note that the above results are well known for the extremal functions associated
to the Sobolev embedding, that is, when s = 0. In the following lemma, we prove
additional properties in the case where s > 0.

Lemma 11.2. For 0 <t < p, we have

n—p
e[0T, =,
Ve - (n=p)(P—1) (1% (4)_ _

AP LG NI =TGR

n—p

O ), a< Z—:;(p— 1).

Proof. As above, let w,, denote the surface area of the (n — 1) sphere S"~! in R".
Then

lue|* f PNy pt—1
=0(1) +wy, (e4+re-1) 7 %r dr.
Q 0

jf*
Case 1. v = :;—:;(p— 1) (then Z=fa+n —1=0). Then
_pt
el R e e
= O(l)—l—wn/ (I4+re1) » %" " dr
o |zl 0

p—1

Re P 1
=om+%/ Lir = O|1og<))
0

Case 2. a > Z—:;(p— 1) (then E=ta+n —1t—1 < —1). Then

_p=1

jucl® B emg i Ptap(egEsd
/ 2 = O(l)—i—wn/ (L47rpT) 7 “" ' dre™s T
Q [T 0

— O(1) + O 7ot =),

Case 3. a < Z—:Zt)(p— 1) (le. =fa+n—t—1>—1). Then

|uc | 5 o A
= O(1) + wy (e+re-1)7® %r dr
Q 0

|[*

R —n
O(l)+wn/ prmrotn=t=lg,
0
= 0O(1).

Now, the conclusion follows immediately. O
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